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1 Introduction 



Heterotic M-theory [H Ej is a prime candidate for addressing successfully low-energy 
phenomenology like the unification of all coupling constants^ predicting the observed 
value for Newton's Constant getting soft supersymmetry breaking terms of the right 
size jnj (in particular the gaugino masses) and obtaining lepton and quark mass hierarchies 
or neutrino masses of the right size Moreover, it presents a natural arena for any 
implementation of hidden sector physics like supersymmetry breaking through hidden 
sector gaugino condensation [3 El Ej ■ 

The novel feature of heterotic M-theory was the necessity to deal with backgrounds 
with non-vanishing vacuum expectation values for its four-form field strength G. The 
reason being that in the Bianchi- identity for G magnetic sources given by the boundary 
Riemann curvature two-forms together with the boundary super Yang-Mills (SYM) cur- 
vature two-forms appear. Therefore, the Bianchi identity cannot be solved anymore by 
embedding the spin in the gauge connection (as in the weakly coupled heterotic string) 
and requires a non- vanishing G of order k^/^, where k is the lid gravitational coupling 
constant. However, a nontrivial G is related through the gravitino Killing spinor equa- 
tion typically to a warp-factor deformed background if one wants supersymmetry to be 
preserved. 

Therefore the challenge was to find backgrounds corresponding to compactifications in 
the presence of G fluxes which would break the 16 supersymmetries of the theory exactly 
down to four, corresponding to a 4d low-energy theory with desired N=l supersymmetry. 
This was achieved in for the case of a deformed Calabi-Yau (CY) threefold compacti- 
fication with deformation controlled by the G fluxes. For the case which is interesting for 
phenomenology G possesses a non-vanishing component only along the CY, thereby in- 
ducing a variation of the CY size along the orbifold direction (via the warp-f actor /G- flux 
balance from the Killing spinor equation). Notice that this phenomenon has no coun- 
terpart in the weakly coupled heterotic string because the required flux Gimnp ■ ■ ■ 
denote the CY indices) is projected out in that limit in consistency with the fact that the 
heterotic string's NS field-strength Hmnp originates in M-theory from Gmnpii- Therefore 
the varying CY volume is a particular feature of the strongly coupled heterotic string. 

For the case with non-vanishing Gmnpq but vanishing Gmnpii the background geom- 

Alternatively Grand Unification can be embedded into String-/M- Theory through D-branes; see 
e.g. 0. 
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etry describing the compactification of lid heterotic M-theory down to 4d found in 
turned out to be the following warped geometry [fi, u, . . . refer to the external Minkowski 
spacetime indices, gmn is the CY metric and x^^ denotes the S^/Z2 orbifold coordinate) 



ds' = (1 - fiUx''))Vf.udx^dx'' + (1 + fiUx'')){gmn{y)dy"'dy^ + {dx'^f) (1.1) 



The integral represents the G flux on the visible boundary and is the visible boundary's 
CY volume. If the visible 'instanton number' is larger than the hidden one the integral 
gives a negative value jl] . Without loss of generality we will therefore designate the visible 
boundary the one with larger 'instanton number' so that fun can always be regarded as 
being non-positive. 

An important point is the regime of validity of the background ()1.1|) . Its derivation ^ 
assumed an expansion in the small "parameter" fun - the warp-factor - and kept all terms 
linear in fu^. It therefore looses validity when the neglected higher order contributions 
n>2 become of the same size as Because of the linearity in x^^ the expansion 
'parameter' fun will however grow until at some finite critical distance x^^ = Lc the factor 
1 + fiin which multiplies the internal geometry becomes zero 



One consequently has to impose Lc as an upper bound on the orbifold length L (distance 
between visible and hidden boundary) in order to avoid an unphysical regime of negative 
metric with negative internal volume beyond this critical distance. Moreover, in the 
vicinity of the critical distance funix^^ ^ Lc) necessarily becomes of order one instead 
of staying perturbatively small as would be required for the validity of (jl.lj) . Therefore 
the linearized background (jl.lj) actually breaks down before one has reached the critical 
distance and the inclusion of the neglected higher order contributions f^^, n >2 becomes 
mandatory. 

A criterion for the validity of (jl.lj) which is ubiquitous in the literature comes as 
follows. By plausibly estimating the absolute value of the integral in (jl.2j) to be of order 
Vv^'^ (where one usually equates in addition the compactification scale Vv^^ with the 
inverse of the Grand Unification (GUT) scale 1/Mgut) one obtains that is bounded 
from above by 



with warp-factor fun given by {uj denotes the CY Kahler-form) 




(1.2) 



1 + flin{Lc) = . 



(1.3) 




(1.4) 
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where L has to be smaller than Lc as explained before. Because means \ fiin{,Lc)\ = 1, 
this upper bound on L translates to the upper bound e < 1 (as already an estimate went 
into ()1.4|) the bound is rather e < 0{1)). However, this constraint is still not restrictive 
enough to guarantee the validity of (jl.ll) . Namely, to make sure that the higher order 
corrections n > 2 are sufficiently suppressed, one has to sharpen the bound to [10] 

e<l. (1.5) 

Naturally, the effective 4d action ^I] which results from the dimensional reduction of lid 
heterotic M-theory over the linearized background (jl.ll) thus inherited the requirement 
for small e.^ It had been realized early on, however, that the regime where e is small is 
hardly compatible with the requirements of phenomenology which demands e ~ 0{1) |l()j . 
Moreover, one has to be careful with the 4d Newton's Constant which becomes negative, 
as a result of the negative internal volume, when e becomes too large. More precisely, one 
finds the tree level relations [T3j (here = Vv^^) 

= Ifj^ , = R.m-r"o.GUTf" (1.6) 

which with Mqut = 1/-Ri; = 3 x lO^^GeV, acuT = 1/25 and the experimental value for 
Newton's Constant give 

L = 12k^/' , = 2«;2/9 (1.7) 

and therefore lead to an e = ^"^"^g ^ {r^^^)^ ~ ^(1)- Notice the sensitivity due to the 
fourth power to the actual value for Mqut which might range between 2 x lO^^GeV 
and 3 x lO^^GeV. Thus - apart from possible corrections to the estimate Vv^'^ for the 
flux integral - this generic discrepancy, that the "real world" seems to reside where the 
hitherto available effective theory essentially breaks down presents a major obstacle for 
any full-fledged contact between M-theory in its heterotic corner and phenomenology. 

It is the aim of this paper to show that actually the small e constraint ()1.5p of het- 
erotic M-theory becomes dispensable and therefore the discrepancy between theory and 
phenomenology disappears when one uses the proper non-linear extension ^1] to the lin- 
ear background p.l|) which includes the higher-order corrections fj^^ neglected in (jl.ll) . 

"'Actually another dimensionless expansion parameter — R^/ L (where i?„ — Vv^^) appears in the 
effective 4d theory. However, the background is exact in this parameter to all orders [E] which 

is why this parameter is of no particular concern to us here. By requiring Rv,L ^ k}!'^ in addition 
one is assured that supergravity is a good approximation to M-theory and that all corrections due to 
geometrical instantons are sufhciently suppressed. 
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By using this non-linear background for a reduction of the lid theory also the 4d effective 
heterotic M-theory would become exempt from the small e constraint which would open 
up the way to reliably obtain phenomenological predictions from M-theory in its heterotic 
regime. 

To lend further support to our inclusion of non-linear terms in the derivation of the 
exact background we connect this background to two exact solutions already considered 
in the literature. First, concerning the case of compactification of heterotic M-theory to 
six dimensions, an exact solution was presented already by Witten in There, precisely 
as in our case, one had a flux source of first-order in k^/^ together with an exact (i.e. non- 
linearly extended) warp-factor, the latter as in our case demanded by supersymmetry 
(these issues are explained in detail in subsection 2.4). Secondly, our exact background is 
actually the lid origin of the 5d domain wall solution discovered in ^Hj (a supersymmetric 
solution to the equations of motion of the effective 5d heterotic M-theory), which being 
an exact solution also incorporates higher order k^"/'^, n > 1 contributions; furthermore 
the linear truncations correspond also to each other under dimensional reduction. 

The remaining organization of the paper is as follows. In section two we first review the 
non-linear compactification background and point out why it exempts the theory from its 
small e constraint. Next, we discuss for the case where an isolated singularity occurs the 
issue of chirality change for the hidden boundary gaugino once the singularity is passed. 
Here we find compelling reason why the hidden boundary should be placed at or before 
(in the orbifold direction) the singularity. We then show in detail the relation between 
the linear and the non-linear background, in particular how the latter incorporates all the 
higher order corrections which lead to the absence of the small e constraint (and point to 
the 6d analogy). As an example we describe the non-linear background for the simplest 
heterotic M-theory vacua without additional M5 branes where a singularity appears at 
some finite along the orbifold whose value is determined by the visible boundary flux. 
In section three we demonstrate the connection with the 5d domain wall solution. In 
section four we show that the heterotic M-theory tree-level cosmological constant van- 
ishes for the exact non-linear background. This provides an additional verification that 
the structure of the non-linear background which includes field theory corrections of all 
^2n/3^ n > 1 orders is indeed protected by supersymmetry. In section five we use the 
non-linear background to derive the 4d Newton's Constant G^. For the simplest vacua 
without M5 branes in case that there is no M-theoretic singularity resolution or that the 
resolution affects the geometry only locally, one has to place the hidden boundary before 
the singularity which leads to a lower bound for G4. With the numerical input of the 
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GUT scale and the GUT gauge coupling this lower bound is in excellent agreement with 
the measured value. Furthermore, we evaluate Newton's Constant also for vacua with an 
additional parallel M5 brane which shows that for the stabilization scenario considered in 
[in] Gi is very close to the measured value. 

2 The Exact Non-Linear Flux Compactification Back- 
ground of Heterotic M-Theory 

We saw before that for the linearized background (jl.lj) one has to cut-off space at a critical 
orbifold distance L^. but to ensure that e <^ 1 requires actually a much smaller cut-off in 
L. It seems that there are two ways how one might deal with such a situation. Either 
one is able to find a stabilization mechanism for the orbifold size modulus (in a strongly 
coupled disguise this is nothing else but the dilaton stabilization problem) which allows 
to stabilize the orbifold size at a sufficiently small value of L (below Lc) or one has to find 
the extension of which presumably avoids negative warp-factors and CY volumes at 
all. 

The first possibility was addressed in JH] where a stabilization mechanism^ through 
non-perturbative open membrane instanton effects in conjunction with G-fluxes was found 
in the presence of an additional parallel M5 brane which fills the external spacetime and 
wraps an internal holomorphic 2-cycle (see also ^Hj for earlier important insights related 
to this set-up and ^19j). Though a local minimum of the moduli potential^ could be 
established at positive vacuum energy, there are general arguments that such de Sitter 
vacua should be false vacua and the global potential should at least allow for another zero 
energy-density vacuum in the decompactification limit. Therefore, even if one is able to 
stabilize the orbifold modulus below L^. there are nevertheless compelling reasons why 
one would like to study the moduli potential globally, i.e. at best for arbitrary values of 
L. So either way one has to understand how (jl.lll has to be extended which we will now 
address. 

^An alternative moduli stabilization mechanism for M-theory was recently proposed in ITT] in the 
context of M-theory compactifications on G2 holonomy manifolds. This mechanism gives a stabilized 
vacuum which is supersymmetric and possesses a negative cosmological constant. 

^Earlier runaway boundary-boundary potentials were derived e.g. in j2()j . 
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2.1 The Exact Non-Linear Flux Compact ificat ion Background 

In (cf. also [221) relation between an lid heterotic M-theory compactification 
background preserving 4d N=l supersymmetry 

and the four-form flux G was investigated. As the Ansatz for the metric reflects, it was 
assumed that heterotic M-theory is compactified on a seven-space which is a conformal 
warp-factor deformation of the CY x S^/Z2 geometry. 

The non-trivial four-form flux G which arises in heterotic M-theory e.g. by the presence 
of its boundaries implies a non-trivial Bianchi identity 

dG = Y^ 5{x^^ - xf)S,{y) A dx^^ , (2.2) 

i 

where the Si[y) four- form describes the magnetic sources - boundaries and possible ad- 
ditional parallel M5 branes. It turns out that one can solve the gravitino Killing-spinor 
equation explicitly and thus determine the supersymmetry preserving compactification 
backgrounds for arbitrary sources Si as long as they are localized along the orbifold and 
thus do not depend on x^^ |14j. In particular the Si could therefore accomodate higher 
order corrections as long as these corrections do not change the formal structure of the 
lid gravitino supersymmetry transformation. However, the higher order k^I"^ correc- 
tions which are needed in heterotic M-theory in order to smooth out the localizing delta- 
functions and thus to provide the boundaries with a finite thickness are beyond the grasp 
of the lid supergravity framework. Here, the lOd boundary super Yang- Mills fields 
would have to propagate into the lid bulk. However, supersymmetric Yang-Mills theories 
in the conventional local field-theory framework are impossible in spacetime dimensions 
higher than ten [231 • Therefore as long as the description in terms of supergravity is 
adequate we do not expect a smoothening of the localizing delta function in the Bianchi 
identity ()2.2|) . Subsequently we will work in Horava-Witten supergravity at k^/^ order 
where these higher order 'quantum M-theory' corrections are absent. 

The magnetic sources S^^hiv) coming from the visible resp. hidden boundary are in 
Horava-Witten supergravity given through ||2| 

1 1 / K \ 2/3 

^"''^^^ ^ ~2V^^^'^ ^ ^ " 2*'^ ^ • ^^-^^ 

Moreover, compatible with the lid N=l supersymmetry of heterotic M-theory, there 
can also be M5 branes parallel to the boundaries acting as magnetic sources for G. For 
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instance an M5 brane which is space-time fiUing in the 4d external directions and wraps 
an internal holomorphic 2-cycle S (with Poincare dual four-form [E]) gives a contribution 

47r r K\ 2/3 

For these two different types of magnetic sources one can solve the Bianchi identity for the 
field-strength G and obtains two types of contributions, Gimnii and Gimnp- In addition, 
for the Bianchi identity to have a solution the anomaly cancellation condition 



J2 S^iy) = SM + Shiy) + = (2.5) 



Mb's 



has to be satisfied. For these two types of G together with the Ansatz ()2.1|) one can then 
solve the gravitino Killing spinor equation, thus searching for 4d N=l supersymmetry 
preserving compactification geometries. 



Let us state the result [m]. Without loss of generality one may equate the two internal 
warp-factors 

k{y,x'') = f{y,x''). (2.6) 

For the two remaining warp-factors b and / one finds equations which specify the warp- 
factors in terms of G and are given as the following first order partial differential equations 
(a, a = 1, . . . , 3 refers to the holomorphic coordinates y"", y"' on the CY) 

_2a.. = a„/ = 4e-}V".G„,„„ (2.7) 

-dub = duf = ~e-i'JVG„nnp (2.8) 

(in the exponential on the right hand side (rhs) k has already been replaced by /). 
Therefore 

dadnb = d^duf = (2.9) 

which is solved in general by 

b = b,{y) + 62(x") , f = h{y) + f2ix'') . (2.10) 

One is therefore naturally led to consider two choices in detail. One choice, where G 
possesses only a component with index in the orbifold direction 

Glmnll 7^ , Glmnp = (2.11) 
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leads to 

b = b{y), f = f{y), %) = -l/(y) (2.12) 

and can be used to show J3] how the M-theory relation between warp-factors and flux 
()2.7|) reproduces the analogous one of the weakly coupled heterotic string with torsion 
|24j . The other choice where G is non- vanishing only on the CY 

Glmnll = , Glmnp 7^ (2.13) 

gives 

b = b{x''), f = f{x''), 6(xii) = -/(x") (2.14) 

and leads to the phenomenologically interesting case with varying CY volume along the 
orbifold direction. It is this latter case which will be of main interest to us here and on 
which we will focus exclusively during the rest of this paper. 

For this second choice the only remaining nontrivial differential equation ()2.8p for / 
can easily be integrated to 

ei^(^") = 1 - -^oo'V^ / dx"'Gimnp{y, x'^') (2.15) 
8v2 Jo 

(we have set /(O) = meaning that the six-space compactification geometry reduces 
to the undeformed CY when one approaches the visible boundary). Notice that the 
rhs can become negative. In this case the left hand side (Ihs) will be defined by the 
rhs through analytic continuation. To comprise also this case, let us denote henceforth 
g/(a:^^")/2 together with its analytically continued negative values by jF(x^^) whose cube 
is defined through the rhs of (|2.15|) . Because the warp-factor e-^ = JF^ which enters the 
metric is always non-negative, this analytic continuation indeed makes sense. We will 
comment on its physical implications in the next subsection. It is the feature that the 
sources of the theory are localized along the orbifold which will now allow us to perform 
the integral explicitly. Namely, with sources localized in the x^^ direction and absence of 
any components G/mnii the Bianchi identity ()2.2|) gets solved by 

G = J2eix''-xl')S,{y) (2.16) 

i 

such that the x^^ and the y dependence become decoupled and the integration can be 
carried out explicitly with the result 

^3(3,11) = I _ ^(3,11 _ a;ii)e(xi^ - xl^)Si . (2.17) 
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Here it is convenient to define the scalars 

S^ = ^u;^-iy)uj-^iy) (2.18) 

where the index contractions are done with the undeformed CY metric such that there 
are no warp-factors present in the contractions. 

Using the partial differential equations for / the Si are seen to be independent of the 
CY coordinates y and are therefore constant. This allows to express them alternatively 
as flux integrals 

S, = ^ f d%^det{gi^)Si = I ujASi. (2.19) 

t^f J Zy/ 2V^ JcY 

The anomaly cancellation condition can be restated as 

J2^iiy) = ^^(y) + My) + E = o (2-20) 

i M5's 



2.2 Non-Negative Metric and CY Volume 

Let us now explore the consequences of the solution ()2.14p . ()2.17p . First of all, we gain 
from ()2.17p the warp-factor 



2/3 

1 - ^(x" - xl^)Q{x^^ - x]^)S, (2.21) 



and together with ()2.14p the metric background solution 

ds"^ = QMNdx^^ dx^ 

= e-f^^''\^,dx^'dx'' + e^("")^^„(?/)dy"d?/" + e^("")dx"c/x^^ . (2.22) 

Evidently, the warp-factor and metric are now manifestly non-negative in contrast to the 
linearized case ()1.H) . (11.21) . 

There are two situations which can now arise: either the fluxes and the distribution 
of the sources are such that the warp-factor stays positive for arbitrary values of x^^ or 
it becomes zero at some point. An example for the first case would be a vacuum with 
an M5 brane whose flux compensates the visible boundary flux and in the extreme case 
where these fluxes are equal but opposite can lead to a constant and positive warp-factor 
at x^^ > xl^ where xl^ is the position of the M5 along the orbifold (see e.g. ^j, fig. 2 
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which uses the geometry ()2.22j) for this case). In the second case when the warp-factor 
becomes zero at some point we run into a naked singularity. That this is not merely a 
coordinate singularity can be seen e.g. by evaluating the Riemann scalar for the metric 
()2.22|) (our general relativity conventions are those of Weinberg 



which is easily seen to diverge at the point where e-' becomes zero. In a pure classical 
gravity framework this singularity would have to be cut out of spacetime. However, be- 
cause we are working here in M-theory one should expect that the singularity gets resolved 
by going beyond the tree-level supergravity approximation. For instance higher order in 
derivative corrections or M5 instanton contributions which wrap the total vanishing CY 
volume might be able to resolve the time-like singularity. We will however present evi- 
dence below which suggests that the hidden boundary should sit at the singularity thus 
pointing to a possible role gauge instantons could play in a resolution of the singularity 
jlj. We will leave the detailed investigation of the resolution mechanism to future work 
but want to stress that such a resolution is hardly conceivable in the linearized back- 
ground where the CY volume and the warp-factor become increasingly negative beyond 
the singularity. 

Let us now see what happens to the restrictions on e which were found in the linearized 
case. First of all as we will show in detail in the next subsection, the exact background 
corresponds to the non-linear extension of the linearized background in the sense 
that it comprises all higher-order corrections n > 2 necessary for it to be an exact 
solution. Consequently, this eliminates the sharper bound e -C 1 for the exact background 
whose very task it was to make sure that these higher-order corrections do not have to be 
included. Concerning the second milder restriction of e < 1 which came in the linearized 
background from the cut off in L in order to avoid a negative metric, the crucial question 
will be whether one can resolve the singularity by M-theoretic corrections or not. Under 
the premise that it can be done this bound would also disappear because the remaining 
geometry except for the singularity is well-behaved. However, we will see in the next 
subsection that if the hidden boundary is placed in the region beyond the singularity a 
chirality change for the hidden boundary gaugino would occur and moreover the kinetic 
term of this gaugino would appear with the wrong sign. The latter seems to indicate that 
even if there is a local (in the x^^ sense) singularity resolution mechanism which leaves 
the global structure of the geometry intact, nevertheless the hidden boundary should sit 
at the singularity (it could also sit before the singularity but the singularity position is 
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distinguished in vacua without M5 branes by leading to an astonishingly precise value 
for Newton's Constant together with the usual GUT framework, cf. the last section). 
Consequently for the simplest vacua without additional M5 branes the ensuing upper 
bound on L is such that still one would obtain a constraint e < 1 however this time for 
very different reasons. Nevertheless, in either case we see that when one wants to address 
heterotic M-theory phenomenology which requires e ~ 0{1) (see the introduction) one 
should use the exact non-linear background rather than the linearized one in order to 
avoid inconsistencies with the sharper bound e <^ 1. 

With explicit knowledge of the warp-factor, we can also determine the CY volume as 



thus revealing as well a manifestly positive and in addition simple quadratic behaviour. 
We will make the connection to the linearized background ()1.1|1 . ()1.2|1 precise later. 

2.3 Chirality Change for the Hidden Gaugino 

Let us now analyze in more detail for the case in which a singularity occurs what happens 
behind (in the x^^ direction sense) the singularity. For this we will assume that M-theory 
provides us with a resolution of the singularity such that the resolution will only affect the 
local vicinity of the singularity but leave the global geometry intact. Notice that without 
this assumption the excision of the singularity would leave us with two disconnected pieces 
of spacetime and thus effectively ending spacetime (as it can be reached from the visible 
boundary) at the singularity. 

While the warp-factor is always non-negative, its square-root JF(x^^) becomes neg- 
ative in the regime where either the fluxes or x^^ grow large. For the simplest situation 
with just the boundary sources being present the singularity would sit at Xq^ = 1/5^. 
First a technical remark: because beyond this point the right hand side of ()2.17|) becomes 
negative, we cannot simply evaluate \fef as e^^"^ (which is only valid for x^^ < x}^) but 
must use its analytically continued value which gives 



means that a quantity like ^Jdet{ef g) on a space with odd dimensions, e.g. on the full 




(2.24) 
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internal 7-space, is given by ''i/det g where the absolute value becomes essential in the 
region where x^^ > Xq^. 

Physically, the movement of the hidden boundary through the singularity is related to 
a chirality changing transition (with respect to movements in the length modulus L) for 
the gaugino on the hidden boundary. The occurrence of such transitions in string-theory 
was first pointed out in [2^1 (for some later developments cf. j^ZI, JH])- By following 
the analysis in fT^ one sees that also the vielbein e*^^^ (M, N, . . . = 0, 1, . . . , 9, 11 and 
A, B,C, ... = 0,1, ... ,9 in the following) is analytically continued when we use the more 
general instead of e-^^^. For instance the Ihs of ()2.15j) is derived from e'^/^"^-^ which 
stems from the vielbein combination (e^^fi)~^e';-e'"m,e"ne^p (contracted with GimnpV''"^V"'^)- 
Instead of the naive e^p_ = e^l"^, e™m = ^^miCY) , e^^\\ = e~-^/^ (which are only 
valid for x^^ < x^^) the vielbein becomes 

e'^A = , e"'^ = e'^ACy) , e^'fi = (2-26) 

which means it will likewise be continued to negative values in the regime beyond the 
singularity. Again, the metric stays positive under the continuation because it involves 
always two vielbeine qmn = ^m^^^n'^Vmn- Now the chirality operator (from the lOd 
perspective) is given by 

rii(x") = e"n(x")r" = J^-\x'')T'' (2.27) 

with the flat -space chirality operator. This, however, means that the chirality operator 
which acts on the hidden boundary Eg gaugino x as T^^x = ^~^X Aips its sign once the 
hidden boundary passes the singularity. In other words the chirality of the hidden gaugino 
depends on whether the hidden boundary is placed before (positive chirality) or behind 
(negative chirality) Xq^. 

Let us comment on coordinate transformations in this respect. From the coordinates 
used in ()2.22j) it seems that at Xq^ the orbifold itself would shrink to zero size. This, 
however, is not true as a simple coordinate transformation from x^^ to y^^ given by dy^^ = 
l^Fldx-^-^ shows. Therefore, there is no shrinking of the orbifold size in y^^ coordinates - 
instead the gu^u part of the metric stays constant. One could now think that such a 
coordinate transformation might also eliminate the chiral transition because it basically 
trivializes the vielbein in the orbifold direction. Notice however, that the chiral transition 
is still present as we remain after the coordinate transformation still with a discrete sign 
factor which jumps at the singularity 

rii(|/ii) = |^|rii(x") = sign(^)ri"^ . (2.28) 



12 



Because this chirality transition is caused by a sign change of the vielbein it will however 
at the same time change the sign of the lOd Dirac-operator p = c^^T^Da. Therefore, 
by placing the hidden boundary beyond the singularity the gaugino would appear with 
a wrong sign kinetic term. This strongly suggests that on physical grounds the hidden 
boundary should be placed before or at the singularity. Indeed, as we will see in the 
last section, the singularity position stands out by leading to a very accurate agreement 
with the measured Newton's Constant while incorporating all the successes of the GUT 
theories. 



2.4 First Order Fluxes Do Not Imply Linearized Background 

Let us now turn to the relation between the non-linear background and the linearized 
one. This of course poses the question 'does not working with order k^/^ sources already 
imply that one has to use the linearized metric background?'. We will clarify why this is 
not the case. 

First the reader should notice that for the compactification of heterotic M-theory on 
K3 X S^/Z2 down to 6d an exact solution was already found by Witten in |4. This 
background solution reads 

ds^ = {c + w{x^^)y^^%^^dx^'dx^ + {c + w{x^^)Y^\g:mn{y)dy"'dy'' + dx^^dx^^) (2.29) 

where c is a constant, Vks the K3 volume and in the limit where the orbifold length L is 
much bigger than the K3 radius one obtains 



VK3 



[ (trF A F - hiR A R) . (2.30) 
Jk3 2 



As for the case of compactification to 4d we see also here that w{x^^) contains a Gimnp flux 
of order k^/^. If therefore working with k^/^ fluxes would necessarily imply that the metric 
can never incorporate k^"/^, ra > 1 contributions (after expanding the warp- factors) then 
one would have to discard the exact solution (j2.29j) and allow only the truncated version 
where both warp-factors get linearized to c — |w(x^^) resp. c + |w(x^^). This is however 
wrong as the full warp-factors of the exact solution are demanded by lid supersymmetry 
irrespective of what the actual value of Gimnp is. The point here is that the exact solution 
is a bulk solution expressed in terms of a largely unspecified Gimnp flux. What matters to 
derive the exact solution is only where Gimnp is localized but not its strength. Only in a 
second and independent step when one specifies the sources and therefore the strength of 
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Gimnp (this is where the boundaries come in) as given in ()2.H()j) does the k^/^ parameter 
appear. It has therefore nothing to do with the structure of the bulk solution and can 
in particular not imply its linearization. This becomes very clear when one goes to the 
limit in which the K3 x S^/Z2 decompactifies and for consistency one has to recover from 
(I2.29|l the extremal M5 brane solution. Though in this limit w acquires also a dependence 
on the crucial point is that only with the warp-factors of the exact solution is one able 
to recover precisely the M5 brane solution |3] whose charge (which gets matched with the 
Gimnp flux in w) is as well proportional to h?^^. Coming back to our exact solution ()2.22p 
describing compactifications down to 4d the argumentation will be exactly the same with 
the difference that as a further consistency check we will not match it to an M5 brane 
solution but instead we will show later that upon reducing our exact lid background to 
5d one recovers precisely the domain wall solution of 15 . Again this is only possible by 
keeping the full warp-factors as opposed to linearizing them. 

Let us now discuss the two different sorts of expansions which arise in the construc- 
tion of heterotic M-theory and in obtaining the linearized background approximation. To 
this end let us first consider the k^^^ expansion of heterotic M-theory in lid prior to 
any compactification. It is well-known that M-theory in the absence of any scalar fields 
does not possess a dimensionless coupling constant which could serve as a small expan- 
sion parameter. This is the major problem when one aims to establish M-theory as a 
theory of supermembranes in analogy to the perturbative definition of string-theories. In 
heterotic M-theory there is however one fundamental scalar modulus, the orbifold length 
L. So a natural dimensionless expansion parameter is k^^'^ /L. However, the k?/'^ expan- 
sion of heterotic M-theory is actually only a formal expansion (see also the remarks in 
Namely, whatever the dimensionless expansion parameter would be, a conventional 
expansion would require smaller and smaller higher order terms. This means that the 
'higher order' boundary action Sbound would have to be sufficiently suppressed against the 
'leading order' bulk action Sbuik, i-e. Sbuik ^ Sbound- However, precisely this is not the 
case, because what one finds is Sbuik + Sbound = (see [Hj for the case with /t^/^ level trun- 
cated background and section three below for the case with exact non-linear background) 
in accord with a vanishing cosmological constant at tree-level. 

We will see however now that the warp-factor in the exact non-linear geometry admits 
an expansion in terms of a small dimensionless 'parameter' for which it is necessary to 
distinguish more carefully between the linearized background approximation and the first 
order k^I"^ approximation of Horava- Witten theory. To arrive at the linearized geometry 
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namely requires the further assumption that 

1 > I - x,")0(x" - xl')S,\ , (2.31) 

i 

is satisfied where the 'expansion parameter' - the full expression inside the absolute values 
on the rhs - involves not only k^^^ through Si but x^^ as well. Once this additional 
condition is met we can approximate e-^ by 1 + / and find that / approaches the linearized 
warp-factor fun 

fix'') - funix'') = -I 5^(xii - xl')Qix'' - xY)S, . (2.32) 

i 

In order to see the precise relation between the exact and the linearized solution, let us 
express the exact warp-factor through fun 

l + \fUx'')f (2.33) 



which for ||/ijri| < 1 can be expanded in terms of the infinite Binomial series 

(2.34) 



/'2/3\ / 'iflin 



n=0 



n 



and thus shows explicitly how and which higher order contributions n > 2 are 

included in the exact non- linear solution. As mentioned earlier the inclusion of the higher- 
order terms eliminates the stronger hound e ^ 1 whose duty was to guarantee (via fun = 
— ^x^^Sv = ~ IcY^ ^ estimate Jfjy^ ^ S^/V^ ~ (/t/l^)^/^) that higher 

order corrections n > 2 to fun are negligible and the linear background approximation 
fll.l|) could be trusted. 

Notice that in general the constraint ()2.3H) imposes not only a constraint on the fiuxes 
but also on the range of x^^. Necessarily, in the vicinity of every point where the warp- 
factor becomes zero, the approximation 1)2.311) and therefore the linearized background 
are no longer valid because the 'expansion parameter' becomes of 0{1) as can be seen 
from ()2.2H) . Consequently, whenever one has to enter this regime (e.g. to evaluate the 
effective 4d Newton's Constant) one has to use the exact non-linear background. 

2.5 The Standard Vacua Without M5-Branes 

For clarity and because this gives the simplest vacua, let us briefiy illustrate the geometry 
for the original Horava-Witten set-up which includes the visible boundary contribution 
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Figure 1: The left figure shows the positive parabohc CY volume which results from using 
the exact non-linear background in comparison to the linearized approximation which is 
given as the tangent to the parabola at the location of the visible boundary. The right 
figure compares the exact warp-factor e-^ (curve with the peak at the singularity) with 
the linearized warp-factor 1 + fun (straight line). To trust the linearized approximations 
requires x^^S^ <^ 1 which is only valid in the constrained parameter regime where e -C 1. 
This constraint is not needed when one works with the exact background. 

but omits additional M5 sources^. Here the warp- factor becomes (cf. fig^ 

e/("'') = (2.35) 

while the CY volume becomes a simple parabola (cf. figE} 

V{x'')={l-x''S.,Yv,. (2.36) 

Obviously, at xj^ = 1/3^ the CY volume and the warp-factor vanish. Moreover, a chirality 
change occurs for the hidden boundary gaugino when the hidden boundary passes this 
point (i.e. when one increases the length modulus L in a movement in moduli space of 
heterotic M-theory beyond the value l/S^) combined with a sign-change in the kinetic 
term of the gaugino. Under the premise that M-theoretic corrections might resolve the 
singularity at xj^ and for completeness we analytically extend the solution to the regime 
x^^ > 1/Sv depicted also in figffl The linearized approximation which constitutes the 
first order approximation of a Taylor series expansion in x^^S^ 

fix'') = ^ ln(l - x''S,) ~ = fiUx'') (2.37) 

V{x'') ~ (1 - 2x''S^)V^ (2.38) 

^The hidden boundary source is not independent but related to the other sources through the anomaly 
cancellation condition. 
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where 

1 / n2/3 /■ 1 
^- = -^1^(5^) X^-A(trFAF--MAfl)„ (2.39) 

requires the further assumption of x^^ being not too large to guarantee x^^S^ ^ 1. In the 
vicinity of the singular point x^^ < x^^ where this requirement is not fulfilled one has to 
keep all higher order terms arising from expanding the logarithm in ()2.37|) . 

One could think that the kink which is present at Xq^ in the non- linear geometry might 
already tell us that the Einstein equations require a source being localized at this point (see 
e.g. where singularities require the introduction of effective three-branes in order to 
balance the Einstein equations). This however turns out not to be true because a closer 
look at the Einstein tensor Emn = Run — {^/'^)RgMN for the non- linear background 
reveals that 

E,. = -lv,ue-'f{f" + ifr) (2.40) 
i?mn = -w(^/" +(/')') (2.41) 
Eu,u = lifT (2.42) 

which does not lead to a Dirac delta-function 5(1 — x^^S^) which would indicate a local- 
ized source but gives instead a simple power divergence showing again the presence of the 
singularity. Roughly speaking, the geometry does not enforce the localization of a source 
at = 1/Sy because also the first derivative of the non-linear warp-factor diverges here. 
If it would stay finite, then the Einstein tensor would exhibit a delta-function at this point 
thereby telling us that some source (basically the hidden boundary because charge con- 
servation and supersymmetry preservation exclude other choices) would have to be placed 
here. One may think of different possible mechanisms to 'resolve' the singularity. Taking 
into account perturbative corrections from higher derivative terms like terms , IHl] , 
leads to a shift of the CY-volume proportional to the Euler number and an ensuing 
effective lower bound on the 'quantum' CY-volume. Alternatively, non-perturbative cor- 
rections like M5-instantons wrapping the CY [SEl become important when the CY-volume 
goes to zero classically®. Moreover, we have seen that in order to avoid hidden gauginos 

^Note that when considering quantum volumes 37 the points where the CY cohapses (essentially the 
type IIA mirror dual of the type IIB conifold singularity) is not necessarily the same as the point where 
a 2-cycle, for example, collapses (here the development of the CY along the x^^-interval is considered 
(adiabatically) as a movement in type IIA moduli space); so the discussion of special points in the interval 
will be more involved. 
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with a wrong sign kinetic term the hidden boundary should be placed before or at the 
singularity. If it is placed at the singularity also gauge instantons of the hidden Eg gauge 
group should become relevant 

To summarize, having first order fluxes in Horava-Witten supergravity does not force 
one to use the linearized background approximation as well; rather, on the contrary, one 
must use the exact non-linear background with its quadratic volume dependence as one 
is approaching the volume's zero position (singularity). Moreover, the phenomenon of 
a chirality change at the singularity appears only in the exact background because only 
here can one go beyond this point which was not permitted in the linearized background. 

3 The Exact Background: lid Origin of the 5d Do- 
main Wall Solution 

We will now show that the exact background constitutes the lid origin of the 5d domain 
wall solution discovered in The 5d domain wall solution is a supersymmetric solution 
to the equations of motion of the effective 5d heterotic M-theory without the incorpora- 
tion of further M5 branes. It is well-known that because it is an exact solution it also 
incorporates higher order k^"'/^ contributions and reduces to the linearized background 
dimensionally reduced to 5d upon linear truncation to k^/^ order. It is thus natural to 
speculate that our lid exact background taken without M5 branes might give the exact 
5d domain wall solution upon reduction from lid to 5d. 

To verify that this is indeed the case, let us write our lid line element fl2.22|l in terms 
of the CY volume 

(y)drt" (3.1) 



dx^^dx^^ . (3.2) 
Next let us perform a coordinate transformation from the interval coordinate x^^ to 



where 
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lid Linearized Background 



dim. reduction 



linear truncation 



lid Exact Background 



dim. reduction 



linear truncation 

5d Linearized Background 5d Domain Wall Solution 



Figure 2: The diagram of connections between various heterotic M-theory backgrounds 
in lid and 5d. 



another interval coordinate z defined through^ 



^1 — x^^S^ 



(3.3) 



Such a transformation is always allowed as it leaves the action and the Bianchi-identity 
for G invariant. It implies that 



WW 1/2 



(3.4) 



and therefore the lid line-element expressed in terms of the new orbifold coordinate z 
becomes 



ds' = V-'/\z)dsl + V'/\z)g^Mdy"'df 



(3.5) 



with 



dsl = V^^%z)r]^^dx''dx'' + V^l^{z)dz^ 



(3.6) 



We next observe that according to the conventions of J3] ()3.5p has now the right form 
such that a dimensional reduction of this lid metric down to 5d results in an effective 
5d metric given by ds\. Hence the reduction of our exact lid background delivers a 5d 
metric solution given by ()3.6p which together with the explicit z dependence of Vi^z^ given 
in ()3.3|) turns out to be precisely the 5d domain wall solution presented in jT^I (up to 
some constants which have been trivially absorbed). Notice that beyond the agreement of 
^We are working in the downstairs picture. In the upstairs picture one would have to extend this 



identification to (1 — = T^d^l) 

wall solution as well. 
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(1 — |x |5t,) and would then recover the 5d domain 
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the geometries also the type of flux being switched on agrees. Both our lid background 
()2.22|1 as well as the 5d domain wall solution have just the Gimnp flux component being 
switched on while Gimnii is zero in both cases. We have thus established the diagram of 
relations between various background solutions of heterotic M-theory as given in fig|21 

4 Vanishing of the Cosmological Constant in the Non- 
Linear Background 

Let us now determine the tree-level vacuum energy of heterotic M-theory in the exact non- 
linear background. For simplicity we will do this for the standard vacua without additional 
M5 branes. Indeed we will find a vanishing cosmological constant in accordance with the 
fact that this background is supersymmetry preserving. While this had been checked 
in jHj only at the k^^^ truncation level of the exact background, i.e. for the linearized 
background, we will prove it here for the exact non-linear background. The result is 
then another manifestation of the fact that the non-linear background, though it involves 
higher order > 2 field-theory corrections, is protected by supersymmetry and 

does not mingle with the unknown higher order k^"^^, n > 2 corrections of heterotic M- 
theory. These as we have pointed out would require a deviation from the local field-theory 
description. 

So let us adopt the vacua described in the previous section without additional M5 
branes. The singularity which occurred at xj^ = would, if it can be lifted by M- 
theoretic corrections, presumably contribute additional energy sources. We will therefore 
constrain the analysis to the regime where L < l/Sj,, i.e. space ends at the hidden 
boundary before the singularity is reached. Only in this section we will work in the upstairs 
picture because only here is an integration over boundary-localized sources unambiguous. 
That means instead of working on the lid orbifold interval M^^/Z2 (downstairs picture, 
employed in the rest of this paper) we will work on the smooth 1 Id manifold M^^ together 
with the Z2 symmetry acting on x^^. In particular the lid interval S^/Z2 becomes a circle 

with periodicity 2L. 

Clearly the lid bulk curvature scalar R will pick up delta-function localized contribu- 
tions from both boundaries. The Z2 symmetry demands that the metric components 

gAB{-x^^) = 9ab{x^^) , ^ii,ii(-a;") = (4.1) 
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are both even. So, extending the metric solution ()2.22|1 from M^^/Z2 to M^^, we get 

e/(-") = (1-1x^^15,)'/', -L<x''<L (4.2) 

which has a kink at the visible boundary (we omitted the absolute value in the warp- 
factor ()2.35|) due to the restriction < L < 1/S^). Consequently R involving the 
second derivative of the warp-factor receives a delta-function contribution. By using the 
periodicity of the lid circle one infers likewise a singular contribution from the hidden 
boundary. The contributions to R can therefore be split into a regular and a singular part 

R{g) = Reg + Sing . (4.3) 

The determination of the regular piece can be straightforwardly done from the metric 



Reg 



5 



e^^{2f" + -{fr) = -.7^^ZTtT^s- (4-4) 



regular 9 (1 - \x^^S^f/^ ' 



Because the singular part is more subtle let us derive it by a different strategy which will 
allow us at the same time to obtain a useful relation needed later on. To this end let us 
contract the Einstein equations [2H] {I, J, K run from to 10 and A, B, C from to 9) 

Rain — -QmnR = — ■^^{.^GmijkGn^'^^ — -QmnGuklG^'^^^) 

- 5i,5^ {5{x'')n^ + 5(x" - L)T^\) (4.5) 

where the boundary energy-momentum tensors are given through^" {i = v, h) 

V^iTXb = ^ {^y^' (t^FXcF^f - IgABtrirr - litrRAcRB'' - IgAstrR')) 

(4.6) 

with g^^^ and obtain 

-^GuklG'''''^ = ^R-l {s{x'')Tl'' + S{x'' - L)T!1^) . (4.7) 

Now, though G itself experiences a sign-jump at each boundary, GuklG^"^^^ stays regular 
when crossing a boundary and in particular does not develop any singularities. Therefore 
delta-function singularities appear only on the rhs of (j4.7p and consequently have to 

^"^Thc coefficient c appearing in the boundary energy momentum tensor would be c = 1 if one would 
use the result of Horava-Witten for the relation between the lOd gauge coupling and the lid gravitational 
coupling. However in |23 the local anomaly cancellation had been reconsidered and a value of c = 1/ (2^/"^) 
had been found in the upstairs picture (c = 1/2 in the downstairs picture). Notice that c drops out in 
the end in H4.17II and thus cannot be determined by demanding a vanishing cosmological constant. 
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cancel which imphes that (where the index contractions of the gauge and gravitational 
field-strengths are done with the unwarped original CY metric) 



Smg = -{s{x^')TX^ + S(x^' - 1)^^) (4. 



Note a relation (which will be used below) which one finds from ()4.7|) 

- j^GjjKLG'''''^ = meg . (4.9) 

Before coming to the main determination of the vacuum energy, let us briefiy present 
another useful identity. The expression for the visible boundary source 

c / K \ 2/3 / In 

{Sv)lmnp = ~ ^y2 V47r/ '^^■y^^VmFnp] — -^tTR[lmRnp]j (4-10) 

together with the relation (following from the supersymmetry conditions Fab = F^i = 
0, uj^'^Fira = 0, where again index contractions are performed with the unwarped CY 
metric) 

and the analogous one for Rim allow us to rewrite the visible boundary fiux Sy as 

(and similarly for Sh', the contractions are performed with the unwarped CY metric). 
These identities allow us to express the boundary action in terms of the respective fiuxes. 

Let us now calculate the vacuum energy by starting with the bulk action (in the 
upstairs picture) which by using ()4.3|) . ()4.4|) . ()4.8|) and ()4.9|) becomes^^ 

Sbuik = J d^^x>/^ (^R+ —GijklG^'^^^ + Y^^^^"^^^Gi^i2i^Gi^i,jgi^Gjgj^i^^^j^j^ 

= /" d^^x [ rfx"v^ (2i?e^ - Sing) 

^^For fluxes with support on a CY threefold or a 7-nianifold the CS-term vanishes triviaUy. 
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where we have used (I4.12|l and its hidden boundary equivalent in the second bracket of the 
third row to convert the boundary integrals into the flux parameters S^^h- The anomaly 
cancellation condition ()2.2m) thus gives for the bulk contribution to the vacuum energy 

Sw» = d'.V^MS,{l - J^^j^) (4.14) 

Next, let us evaluate the contribution from the boundary action which is given by^^ 
Sbound = -^(^y y2 I d^^'x^/^JtiFi^F'^ -UiRi^R'A (4.15) 

SVTK^ \47r/ ^-^ J-f^iO \ 2 /i 

i=v,h i 



The index contractions are done with the exact warped metric. The evaluation of the 
boundary action for the non-linear background and the identity ()4.12j) plus its counterpart 
for the hidden boundary lead, with the anomaly cancellation condition (|2.2Uj) . to 



Therefore the bulk and boundary contributions to the vacuum energy precisely cancel 

Sbulk + Sbound = . (4-17) 

Thus the cosmological constant vanishes at tree-level. Although expected from super- 
symmetry it is non-trivial to get this remarkable all-orders result (in field-theoretical k^^^ 
corrections included in the non-linear background) in the strongly coupled M-theory com- 
putation. The origin is the relation ()2.35|) between the G-fiux and the warped geometry 
whose structure is protected by supersymmetry and tempts one to believe that it might 
be possible to encode the supersymmetry conditions ()2.7|) . ()2.8|1 in terms of likewise su- 
persymmetry protected perfect squares R{g) + ~ '{df — G)^' in the effective 4d 
potential (cf. for the weakly coupled heterotic string the similar second order in a' perfect 
square structure jlO] resulting from the balance between the H-finx and the deformation 
of the CY geometry (measured by the deviation dJ from being Kahler) in the 4d 
tree-level potential^^). To carry this out in detail would require to incorporate /" into a 

i^The trEi^i?'™ terms are the only non-vanishing terms of the complete Gauss-Bonnet combination 
which was argued for in lllj on the basis of supersymmetry. The two other terms, RabR^^ and Riq, 
vanish because both the lOd Ricci tensor and the lOd curvature scalar are zero because of the Ricci-flatness 
of the CY. 

^•^The related issue of the superpotential is discussed in |41 | .j40 | . 
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perfect square as well. Indeed equ. (14. 9j) suggests such a connection; however note that 
one is not allowed to use ()4.9j) if one wants to deduce that supersymmetry solutions fulfill 
the equations of motion because ()4.9p relies already on the equations of motion. 

5 Newton's Constant 

We have seen so far that the e <^ 1 constraint is an artefact of the linearized background 
approximation and that by including non-linear effects flux compactifications of heterotic 
M-theory do not require this constraint. If the distribution of the sources is such that 
there are no singularities then one is free to extend L to arbitrary size. In this case a 
prediction of the 4d Newton's Constant requires a stabilization mechanism for L. Such 
a mechanism had been proposed in JH] for vacua including an additional M5 brane of 
the sort introduced earlier. It exploited non-perturbative open membrane instantons 
stretching from the M5 to each of the boundaries in combination with G-fluxes. We will 
evaluate the resulting 4d Newton's Constant for this scenario in the non-linear background 
and will see that it comes quite close to its measured value. 

If on the other hand a singularity appears at some Xg^, one would have to cut it 
out in a purely classical supergravity framework. This would then in a spirit similar 
to jl] lead to an upper bound on L. However, because we are dealing with M-theory 
which extends classical general relativity one should expect that the singularity which is 
time-independent will be lifted by quantum effects or the extended nature of the M-theory 
membrane (see e.g. the discussion in jSH], or the review [SB])- If this resolution mechanism 
is local, i.e. affects only the singularity but not the rest of the geometry, then at x^^ > Xq^ 
we enter a region in which the gaugino has the wrong sign for its kinetic term. Unless we 
can make sense of this situation it tells us that the hidden boundary should sit at some 
L < Xq^. We will then see in this section that the position L = Xq^ is highly favoured by 
giving an astonishingly precise value for the 4d Newton's Constant. We will nevertheless 
present formulae for the 4d Newton's Constant which are general enough to cover also 
the situation where the hidden boundary sits at some L > Xq^. 

For the background ()2.22j) Newton's Constant can be derived explicitly by integrating 
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out the internal dimensions in the 11- dimensional Einstein-Hilbert action^^ 

= -\ f d^x^/^R{g^^^)Vi r dx'^lTf + ... (5.1) 
1^ J Jo 

where the hatted metric includes the warp-factors in ()2.22|) and we have used the relations 
i?(^(ii)) = e-*i?(^(^)) + ... and = \J^\^^/^g^. Notice the absolute value in the 

second row which becomes essential if a singularity is present and one enters with L the 
regime beyond the singularity. This absolute value had been neglected in ^3] and therefore 
gave incorrect results in this regime. Comparison with the standard 4d Einstein-Hilbert 
action 

- TtV / d'x^/^Rig^'^) (5.2) 
lo7rG4 J 

gives for Newton's Constant the general formula 

1 



Ga 



167rK/^^rfxii|et^| 



(5.3) 



87r(47 



Similarly by integrating out the internal dimensions in the gauge field actions 

[ d''x^/^)g^''f^iTFABFcD (5.4) 
comparison with the standard 4d gauge-field action 

- TTT^ / d'x^/^g'^''g''''trF,,F,^ (5.5) 
gives the following values for the respective visible and hidden gauge coupling constants 



"^ = ^K~' = 2V(xn = L) ■ ^'-'^ 

Let us evaluate the formula for Newton's Constant first for the pure Horava-Witten 
set-up where only boundary sources are present and second for the situation with an 



^''Here we are working on the orbifold M^YZ2, i.e. in the downstairs picture. Therefore the usual 
1/(2k^) factor multiplying the Einstein-Hilbert action has to be replaced by I/k^. See footnote three of 
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G4:{L)/G4,c 




Figure 3: The 4d Newton's Constant G^lL) is shown evaluated in the exact non-hnear 
background ()2.22j) . G^^c = Gi{L = l/S^) is the value at the point where the CY volume 
vanishes. Because in this background the CY volume stays non-negative for all values of 
the orbifold size L likewise G4 stays positive for all L. 



additional M5 brane parallel to the boundaries which is of relevance for the stabilization 
proposal of ^16j!^For the first case, we find 

^'^^^ " 67rK(l-sign(l-5,L)|l-5,L|8/3) " (1 - sign(l - 5,L)|1 - 5,L|8/3) ^^'^^ 
where 

^ ' ' 247r3 \ K ) 247r2 Jcy Svr^ ^ ' 

The dependence of G^ on L is depicted in figOl We see first of all that G4 is a monotonously 
decreasing function which stays positive for all values of L. This is in contrast to the 
linearized background evaluation where G^ became negative for too large L as a result of 
the negative metric problem. However, as discussed before one should rather place the 
hidden boundary before the singularity at x}^ = to avoid inconsistencies with the 
hidden boundary gaugino's kinetic term. The same would apply if one works exclusively 
in the classical supergravity framework and thus has to cut out the singularity. Then the 
upper bound on L < 1/5^ results in a lower bound on G4 which is 

G^iL) > G'4,c . (5.9) 

Let us now determine this lower bound. Again by estimating the value of the integral in 
fO|l by -Vv^^ ~ -Mgut and using Mgut = 3 x 10^^ GeV together with a„ = 1/25 we 
obtain 

G4,c = (1-2 X 10^9 GeV)-2 (5.IO) 
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which is in excellent agreement with the observed value C^^^ = (1.22 x lO^^GeV)^^. 
Actually, the linearized approach |3] gave^^ 3/2 times this value as a lower bound on G4. 
The task of predicting the correct value for G4 in the pure (i.e. without additional sources) 
Horava-Witten theory thus becomes the task to find a mechanism for its stabilization at 
the orbifold length L = 1/Sy. Actually the stabilization mechanism of pH] gives exactly^^ 
a stabilized L aX L = 1/Sy. However, it employs an additional parallel M5 brane source 
which changes the geometry and brings us to our next case. One shouldn't be too surprised 
though that the scale is set by the flux as any minimum of the moduli potential corresponds 
to a certain length scale and there are only k, (or a' in string-theory) and the length scale 
associated to the background value of the fluxes (essentially given by the compactification 
scale) available at a fundamental level. Thus it is essentially the proportionality constant 
which has to be determined^^. 

So, let us now consider the situation with an additional parallel M5 brane which is 4d 
spacetime filling and wraps an internal holomorphic 2-cycle S of the CY (for some back- 
ground material concerning the inclusion of M5 branes see e.g. JHIjIII])- It is located at 
xl^ along the orbifold interval. With two flux sources present, Sy from the visible bound- 
ary and 1S5 from the M5-brane (note that the hidden boundary source is not independent 
due to (j2.2()jl ). the 4d Newton's Constant becomes in this case 



If we define the combined flux parameter S^^^ = {S^ + S5) / {1 —S^xl^), then in the general 
case in which S^^^ 7^ we find 



F{xl\Sy, S,) = ^\l- Syxl'f^l - sign(l - Sy,,{L - xl'))\l - Sy,,{L - xl')\'/' 



^■^ Already in 0] the lower bound on G4 which was found in the linearized approach came extremely 
close to the measured value. By extrapolating the linearized CY volume down to the point x^^ = Lc 
where the linearized CY volume vanishes and requiring that L < Lc it was found that G4 > (3/2)G4,c = 
(0.98 X 1019 GeV)-2. 

i^The orbifold length which was denoted Rp in gets stabilized at i? = Vi/r^ with Viv, the 
normalized visible boundary CY volume resp. the visible boundary flux (p, v were dimensionful normal- 
ization parameters). One has to translate that relation through Sy ~ {■^)there, Sm5 = —(^^) there, 
L = {Rp)there, Vv = iViv)there to the notation employed here giving the relation L = l/Sy. 

i^Recently, it was argued that also in string-theory a stabilization of the dilaton gs (which corresponds 
to L^/'^ here) at a scale — 1/Qrr set by the RR flux quantum numbers Qrh can be achieved. See 
e.g. the remarks in !H0j. 



^4 




(5.11) 



67rV,F{xl\Sy,S5) F{xl\Sy,S5) ' 




(5.12) 
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For the special case where the fluxes from the visible boundary and the M5 are equal but 
opposite (notice from ()2.4j) that Sm5 is negative for a positively oriented 2-cycle E while 
as given in ()2.3|) will in general be positive jl]) i.e. for the case with 5^ 5 = one gets 

+ (1 - sign(l - 5,x^^)|l - • (5.13) 

This latter case appears in the aforementioned stabilization mechanism of ^Hj where 
the M5 brane is stabilized at position xl^ = L/2. Actually, the evaluation of the 4d 
Newton's Constant with the stabilized value of L = 1 / is not possible in the linearized 
background because due to the negative CY problem it gives a non-physical negative 
valued Newton's Constant as well. It is therefore interesting to see that with the exact 
non- linear background where these problems are nonexistent we obtain with L = l/S^ 
and xl^ = L/2 in the scenario of [16J an F{xl^,Sy, —Si,) = 1.26 which with the same 
values for M^^j. and before leads to the prediction 

= (1.35 X lO^^GeV)-^ (5.14) 

/^"^T. 1 /3 

Given the uncertainty in estimating the integral appearing in dEl) by -Vv '-' the stabi- 
lization proposal's result looks very promising on the way to predict 4d parameters from 
M-theory. 

The full generalization of ^21,113] to the non-linear background which requires the 
reduction of heterotic M-theory over the non-linear background is under way and we 
hope to report on this soon. However, it is clear that in order to predict the right value 
for Newton's Constant one would need a stabilization mechanism which is capable of 
giving an F(xg\ 5^,55) ~ 1. 

The work of A.K. has been supported by the National Science Foundation under 
Grant Number PHY-0099544. A.K. wants to thank M. Becker, K. Becker and M. Luty 
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